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Determination of an appropriate estimate in the context of study A/B (online controlled trials). The estimation of the parameter θ, which gives as much information as possible about the θ from the sample in question, is called a sufficient estimate. There is sufficient estimation if it can be reduced without losing the dimensional data of the observed data. In study A/B, the most
commonly used sufficient estimate (population imitation) is the mean value of the sample (for binomial metric ratio). Conversion rate is any example of an appropriate estimate. In a more formal term, it can be said that statistics are sufficient for an unknown parameter and a given probability distribution family if the sample from which it was calculated does not provide further
information on which of these probability distributions produced it than the statistic itself. Thus, the sufficient state indicates the use of the information in the model by the estimation tool in relation to the hypothetical statistical model. Deficiency is an important feature in hypothesis testing, where we effectively compare the distribution according to the null hypothesis with the
distribution actually observed. An appropriate estimate makes this process significantly more manageable, especially for large sample sizes. Like this vocacacacare? For an in-depth and comprehensive reading of A/B test statistics, check out the book Statistical Methods online for A/B testing by the author of the vocacacacare, Georgi Georgiev. \(ewcommand{\R}{\mathbb{R}}\) \
(ewcommand{\N}{\mathbb{N}}\) \(ewcommand{\Z}{\mathbb{Z}}\) (ewcommand{\E}{mathbb{E}}\) \(ewcommand{\P}{\\mathbb{P}}\) \(ew{\var}{\(ewcommand{\sd}) {\text{sd}}\) \(ewcommand{\cov}{\text{cov}}\) \(ewcommand{\cor}{\text{cor}}\) \(ewcommand{\bias}) {\\) \(ewcommand{\MSE}{\text{MSE}}\) \(ewcommand{\bs}{\ Score estimate 1 2 3 4 5 6 Reconsider the basic statistical
model. in which we randomly experiment with an observable random variable \(\bs X\) values in a set (\S\). The experiment typically captures \(n\) objects from a population as a sample and records one or more measurements for each element. In this case, the result variable appears as \[ \[ \bs X = (X_1, X_2, \ldots, X_n) \] where \(X_i\) is the vector for measurements of \(i\)th. In
general, it is assumed that the distribution of \(\bs X\) depends on the \(\theta\) parameter, which takes values in a parameter space \(T\). The \(\theta\) parameter can also be vector-valued. Sometimes subscripts are used in probability density functions, expected values, and so on. As always, the most important case is when \(\bs X\) is an independent set of identical distributed
random variables. In this case, \(\bs X\) is a random sample of the common distribution. Sufficient statistics: Make \(U = u(\bs X)\) a statistical data that takes \(R\) values from a set. \(U\) is sufficient for \(\theta\) if \(U\) contains all the information available in the entire \(\bs X\) data variable. Here is the official definition: Statistics \(U\) is sufficient \(\theta\) if the conditional
distribution of \(\bs X\) \(U\) does not depend on \(\theta \in T\). Sufficiency relates to the concept of data reduction. Let's say \(\bs X\) is in the \(\R^n\) folder. If you find a corresponding statistic \(\bs U\) that takes values \(\R^j\), the original data vector \(\bs X\) (whose dimension is \(n\) is usually large) for the statistical vector \(\bs U\) (whose dimension \(j\) is usually much smaller)
without losing information about the parameter \\\sa(\theta\). The following result gives a condition of conformity that is equivalent to this definition. \(U = u(\bs X)\) represents the probability density functions \(\bs X\) and \(f_\theta\) and \(h_\theta\) of the statistical input values. \(U\) is more appropriate for \(\theta\) if and only if the following \( S \) function does not depend \( \theta \in
T \): \[ \bs x \mapsto \frac{f_\theta(\bs x)}{h_\theta[u(\bs x)]] \] Proof: U)\) is concentrated on \(\{(\bs x, y: \bs x \in S, y = u(\bs x)\} \subseteq S \times R\). The conditional PDF file \(\bs X\) \(U = u(\bs x)\) is \(f_\theta(\bs x) \(big/ h_\tta[u(\bs x)]\) in this set, and 0 anyway. The definition accurately captures the intuitive enough concepts given above, but can be difficult to apply. We need
to know in advance the candidate statistic \(U\) and you should be able to calculate the conditional distribution of \(\bs X\) given \(U\). The Fisher-Neyman factorization entry often allows you to identify the appropriate statistics in the form of a probability density function of \(\bs X\). It is named after Ronald Fisher and Jerzy Neyman. Fisher-Neyman Factorization theorem. Leave
(f_\theta\) the probability density function of \(\bs X\), and assume that \(U = u(\bs X)\) takes statistical values that record \(R\). Then \(U\) is sufficient for \(\theta\) if there is \(G: R \times T \to [0, \infty)\) and \(r: S \to [0, \infty)\) so that \[ f_\theta(\bs x) = G[u(\bs x), \theta] r(\bs x); \quad \bs x \in S, \; \theta \in T \] Proof: Be \( h_\theta \) denotes \( U \) PDF \( \( \theta \in T \). If \( U \) is
sufficient for \( \theta \), \( r(\bs x) = f_\ta(\bs x) \big/ h_\theta[u(\bs x)] \) function \( \bs x \in S\) does not depend \( \( \theta \in T \). Therefore, \( f_\theta(\bs x) = h_\theta[u(\bs x)] r(\bs x) \) \( (\bs x, \theta) \in S \times T \) and so \((\bs x, \theta) \mapsto f_\theta(\bs x) \) are in the specified format in the item. On the other hand, suppose \( (\bs x, \theta) \mapsto f_\ta(\bs x) \) is in the
form specified in the entry. Then there is a positive constant \( C \) \( h_\ta\y) = C G(y, \theta) \) is \( \theta \in T \) and \( y \in R \). Therefore \ (f_\ta/\bs x) \big/ h_\theta[u(x)] = r(\bs x) / C\) is \( \bs x \in S \), independent \( \theta \in T \). Note that \(r\) depends only on \(\bs x\) data, not \(\theta\). Technically less, \(u(\bs X)\) is sufficient \(\theta\) if the probability function of \(f_\theta(\bs
x)\) depends on the \(\bs x\) data vector and the \(\theta\) parameter, only through \(u(\bs x)\). If \(U\) and \(V\) are equivalent statistics, and \(U\) is sufficient for \(\theta\), \(V\) is sufficient for \(\theta\). Minimum sufficient statistics A\(\bs X\) is trivially sufficient for \(\theta\). However, as mentioned above, there is usually a statistic \(U\) that has enough \(\theta\) and a smaller
dimension to achieve real data reduction. Of course, we want to find the statistics \(U\), which is the smallest possible dimension. In many cases, this smallest \(j\) dimension is the same as the \(\theta\) parameter vector \(\theta\) \(k\). However, as we will see, this is not necessarily the case; \(j\) may be smaller or larger than \(k\). An example based on a uniform distribution is
given in (38). Let's say a statistic \(U\) is sufficient for \(\theta\). Then \(U\) is minimally sufficient if \(U\) is functioned on any other statistic \(V\) that is sufficient \(\theta\). Once again, the definition accurately defines the concept of minimum suffice, but it is difficult to apply. The following result gives an equivalent condition. Leave ,(f_\theta\) indicates the probability density function of
\(\bs X\), which corresponds to \(\theta \in T\), and assume that \(U = u(\bs X)\) is a statistical value that takes \(R\) into account. \(U\) is minimally sufficient for \(\theta\) if the following condition lasts: \(\bs x \in S\) and \(\bs y \in S\) \[ \frac{f_\ta(\bs x)}{{f_\theta(\bs{y})} \text{ independent of the } \theta \text switch, if and only if } u(\bs x) = u(\bs{y}) \] Proof: Let's say the condition of the
entry is met. Then the pdf file in the \( \bs X \) PDF \(f_\theta\) must have the form (3) specified in the factoring entry to allow \(U\) to be sufficient for \(\theta\). Next, suppose \(V = v(\bs X)\) is another sufficient statistic for \( \theta \) that takes \( R \). From the factorization entry, there is \( G: R \times T \to [0, \infty) \) and \( r: S \to [0, \infty) \), so \( f_\tata(\bs x) = G[v(\bs x), \theta]
r(\bs x) \) for \( (\bs x, \theta) \in S \times \. Therefore, if \( \bs x, \bs y \in S \) and \( v(\bs x) = v(\bs y) \), and then \[\frac{f_\theta(\bs x)}{f_\theta(\bs{y})} = \frac{G[v(\bs x), \thet a] r(\bs x)}{G[v(\bs{y}), \theta] r(\bs{y})} = \frac{r(\bs x)}{r(\bs y)}\] does not depend \( \theta \theta \theta \theta \). Therefore, the condition is the item, \( u(\bs x) = u(\bs y) \), and it follows that \( U \) is a function
of \( V \). If \(U\) and \(V\) statistics and \(U\) are minimally sufficient for \(\theta\), and then \(V\) is minimally sufficient \(\theta\). Properties of adequate statistics are sufficient linked to several methods of constructing the esters that we studied. Let's say \(U\) is sufficient for \(\theta\) and the maximum probability appreatic of \(\theta\) exists. Then there is a maximum probability-
valuer \(V\), which is the \(U\) function. Evidence: The probability function of the log from the factorization item (3) is \( \bs x \in S \) \[\theta \mapsto \ln G[u(\bs x), \theta + \ln r(\bs x)\\ Therefore, the value \(\theta\) that maximizes this function if it exists must be a function of \(u\bs)\). Let's say \(V\) is the unique maximum probability value for \(\theta\) and that \(V\) is sufficient for \
(\theta\). If \(U\) is sufficient for \(\theta\), \(V\) is a function of \(U\) in the previous entry. Consequently, \(V\) is minimally sufficient for \(\theta\). The next result relates to the Bayes analysis. Let's say \(U = u(\bs X)\) statistics are sufficient for \(\theta\) and that \( \theta \) is modeled as a random \( \( \Theta \) variable with values. Then the rear distribution of \( \Theta \) \( \bs X = \bs x
\in S \) is \( u(\bs x) \). Evidence: Make \( h \) the previous PDF \( \Theta \) and \( f(\cdot \mid \theta) \) the conditional PDF \( \bs X \) given \( \Theta = \theta \in T \). According to factorization item (3), this conditional PDF file is in \( f(\bs x \mid \theta) = G[u(\bs x), \theta r(\bs x) \) and \( \theta \in T \) formats. The next (\ \ theta \) back PDF of \( \bs X = \bs x \in S \) is \[ h(\theta \mid \bs
x) = \frac{h(\theta) f(\bs x \mid \ta)}{f(\bs x)}{f(\bs x)}, \quad \theta \in T \] , where the function in the denominator is the marginal PDF of \( \bs X \) or simply the normalizing constant of the \( \ta \ta \) function in the counter. Let's say \( \Theta \) is continuously sievebolul \( T \), so \( f(\bs x) = \int_T h(t) G[u(\bs x), t] r(\bs x) dt \) is \( \bs x \in S \). Then the back PDF simplifies \[ h(\theta
\mid \bs x) = \frac{h(\theta) G[u(\bs x), \theta]}{\int_T h(t) G[u(\bs x), t] dt} \] which is \(\bs x \in S \) only \( u(\bs x) \). Continuing to set up the Bayes analysis, let's say \( \theta \) is a real-value parameter. If you use the standard average square loss function, bayes estimation is \( V = \E(\Theta \mid \bs X) \). According to the previous result, \( V \) is a function of the corresponding
statistics \( U \). As a matter of fact, \( \E(\Theta \mid \bs X) = \E(\Theta \mid U) \). The next result is the Rao-Blackwell theorem, named after CR Rao and David Blackwell. The item shows that the correct stats can be used to improve unbiased estimation. Rao-Blackwell theorem. Let's say \(U\) is sufficient for \(\theta\) and that \(V\) is unbiased a real parameter \(\lambda =
\lambda(\theta)\). Then \(\E_\theta(V \mid U)\) is also an unbiased apprehensible \( \lambda \) and uniformly better than \(V\). Evidence: This is due to the basic properties of the conditional expected value and conditional variance. First, because \(V\) is a function of \(\bs X\), and \(U\) is enough for \(\theta\), \(\E_\tta(V \mid U)\) is a valid statistic; this means that it does not depend
on \(\theta\), even though the expected value has a formal dependency on \(\theta\). Then \(\\E_\tata(V \mid U)\) is a function of \(U\) and \(\E_\ta[\E_\tata(V \mid U)] function: \(E_\theta(V) = \lambda\) for \(\theta \in \Theta\). Thus, \(\E_\theta(V \mid U)\) is an unbiased apprehender of \(\lambda\). Finally, \(\var_\theta[\E_\theta(V \mid U)] = \var_\theta(V) - \E_\theta[\var_\theta(V \mid
U)] \le \var_\ta(V)\) any \(\theta \in T\). Total Statistics Suppose \(U = u(\bs X)\) is a statistical customer value in a set \(R\). Then \(U\) is the full statistic of \(\theta\) if \(r: R \to \R\) \[ \E_\theta\left[r(U)\right] = 0 \text{ all } \theta \in T \means that \P_\theta\left[r(U) = 0\right] = 1 \text{ all } \theta \in T \] If you want to understand this rather strange-looking state, let's say \(r(U)\) is a statistic
from the \(U\) folder , which is estimated at 0 (depending on \(\theta\). The completeness condition means that the only such unbiased estimate is a statistical statistic with a probability of 0. If \(U\) and \(V\) are equivalent statistics, and \(U\) for \(\theta\), \(V\) is complete for \(\theta\). The following result shows the importance of full and sufficient statistics; It is known as the
Lehmann-Scheffé theorem, after Erich Lehmann and Henry Scheffé. I'm Lehmann-Scheffé Theorem. Let's say \(U\) is sufficient and complete for \(\theta\) and that \(V = r(U)\) is an unbiased apprehensitor of a real parameter \(\lambda = \lambda(\theta)\). Then \(V\) is the unbiased apprehensible (UMVUE) of the evenly minimal variance \(\lambda\). Evidence: Let's say \(W\) is an
unbiased apprehensive of \(\lambda\). The Rao-Blackwell theorem (10), \(\E(W \mid U)\) is also an unbiased apprehensible \(\lambda\) and uniformly better than \(W\). Because \(\E(W \mid U)\) is a function of \(U\function), it follows from the completeness that \(V = \E(W \mid U)\) is 1 probability. Additional statistics Suppose \(V = v(\bs X)\) is a statistical customer value in a row \
(R\). If the distribution of \(V\) does not depend on \(\theta\), \(V\) is the additional statistics for \(\theta\). Thus, the concept of supplementary statistics complements the concept of appropriate statistics. The corresponding statistics shall include all available information on the parameter; an additional statistic does not contain any information about the parameter. The next result,
known as Basu's Theorem and named After Debabrata Basu, makes this point more accurately. Basu theorem. Let's say \(U\) and enough for \(\theta\) and that \(V\) is an additional statistic for \( \theta \). Then \(U\) and \(V\) are independent. Evidence: Allow \(g\) to represent the probability density function of \(V\) and allow \(v \mapsto g(v \mid U)\) to represent the conditional
probability density function of \(V\) \(U\). From the expected conditional value properties\(\E[g(v \mid U)] = g(v)\) for \(v \in R\). But then completeness, \(g(v \mid U) = g(v)\) is the probability 1. If \(U\) and \(V\) are equivalent statistics, and \(U\) is \(\theta\), \(V\) is the \(\theta\) add-on. Applications and special distributions In this subsection, we discover appropriate, complete and
complementary statistics for a number of special distributions. As always, be sure to try the problems yourself before looking at the solutions. Bernoulli Distribution Recall that the Bernoulli distribuiton with parameter \(p \in (0, 1)\) is a separate distribution \( \{0, \} \) with the probability density function specified by \( g \) \[ g(x) = p^x (1 - p)^{1-x}, \quad x \{0, 1\} \] Suppose \(\bs X =
(X_1, X_2, X_n)\) is a random sample of the Bernoulli distribution \(p\). Accordingly, \(\bs X\) is a series of Bernoulli experiments, so in the standard trust langauage \(X_i = 1\) if the trial version \(i\) succeeds, and \(X_i = 0\) if the (\i\) trial attempt fails. The Bernoulli distribution is called Jacob Bernoulli, and the bernoulli trials let \(Y = \\sum_{i=1}^n X_i\) have studied the number of
successes in more detail. Recall that the binomial distribution of \(Y\) has \(n\) and \(p\) parameters, and its probability density function is defined by \( h \) \[h(y) = \binom{n}{y} p^y (1 - p)^{n-y}, \quad y \{0, 1, \ldots, n\\ \\\(Y\) is sufficient \\\p\x_2 x_1 D_y. , \ldots, x_n) \{0, 1\}^n: x_1 + + x_2 + \cdots + x_n = y\right\} \] Verify: Specifies the common PDF for \( \bs X \) \[ \bs X \): \[ f(\bs x)
= g(x_1) g(x_2) \cdots g(x_n) = p^y (1-p) ^n \ quad \bs x = (x_1, x_2, \ldots, x_n) \{0, 1\}^n \] where \( y = \sum_{i=1}^n x_i \). Now leave \( y \in \{0, 1, \ldots, n\} \). Given \( Y = y \), \( \bs X \) \( D_y \) and \[ \P(\bs X = \bs x \mid Y = y) = \frac{\P(\bs X = \bs x) ={\P(Y = y) = \\\frac {p^y (1 - p)^{n-y}}{\binom{n}{y} p^y (1 - p)^{n-y}} = \frac{1}{\binom{n}{y}}, \quad \bs x \in D_y \] Of course, \(
\binom{n}{y} \) is the D_y \(D_y\). This result is instinctively attractive: in the Bernoulli series of experiments, all the information about the likelihood of success is \(p\) in the number of successes \(Y\). The order of successes and failures does not provide further information. Of course, the suffi ness of \(Y\) is more easily referred to in the factorization item (3), conditional allocation
provides further insight. \(Y\) was created for \(p\) in the \( (0, 1) \) parameter area. Proof: If \(r: \{0, 1, \ldots, n\} \R\), and then \[\E[r(Y)] = \sum_{y=0}^n r(y) \binom{n}{k} p^y (1 - p)^{n-y} = (1 - p)^n \sum_{y=0 }^n r(y) \binom{n}{y} \left(\frac{p}{1 - p}\right)^y\] The last sum is the polynomy in the variable \(t = \frac{p}{1 - p} \in (0, \infty)\). If this polynomy is 0 for all \(t \in (0, \infty)\), then
all the combined 0 must be 0. Therefore, \( r(y) = 0 \) must be \( y \in \{0, 1, \ldots, n\} \). The verification of the last result actually shows that if the parameter space is any subset of \( (0, 1) \) that contains a positive length interval, \( Y \) is the parameter set of \( p \). But the concept of completeness largely depends on the parameter space. The following result takes into account the
case where the \(p\) set of values is finiless. Let's say the parameter spacing \( T \subset (0, 1) \) is a finane set of \( k \N_+ \) elements. If the sample size (\n \) is at least \(k \), \(Y\) is incomplete for \(p\). Proof: Suppose \( r: \{0, 1, \ldots, n\} \to \R \) and \( \E[r(r)] = 0 \) is \( p \in T \). Then there is \[ \) \sum_{y=0}^n \binom{n}{y} p^y (1 - p)^{n-y} r(y) = 0, \quad p \in T \] This is a series
of \( k \) linear, homogeneous equations of variables \( (r(0), r(1), \ldots, r(n)) \). Since \( n \ge k \), there are at least \( k + 1 \) variables, so there are infinitely many non-trivial solutions. The sample average is \(M = Y / n\) (sample success rate) is clearly equivalent to \( Y \) (the number of successes) and is therefore sufficient for \( p \) and sufficient for \(p \in (0, 1)\). Recall that the
sample average \( M \) is the value of \( p \) moments and the maximum probability of \( p \) in the \( 0, 1) \) parameter area. For Bayes analysis, the usual approach to the model \( p \) is a random variable \( P \), which is a previous beta distribution of the left parameter \( the \in (0, \infty) \) and the right parameter \( b \in (0, \infty) \). Then the rear distribution of \( P \) \( \) is beta with
the left parameter \( a + Y \) and the right parameter \( b + (n - Y) \). The rear distribution depends on the data only the corresponding statistic \( Y \), guaranteed by the item (9). Sample variance \( S^2 \) is the UMVUE of the \( p \( p \in (0, 1) \) (\) distribution variance \( p \) and \[ S^2 = \frac{Y}{n - 1} \left(1 - \frac{Y}{n}\\\\\\\\right) \] Proof: Recall, that sample variance \[S^2 = \frac{1}{n
- 1} \sum_{i=n X_i^2 - \frac{n}{n - 1} M^2\] But \(X_i^2 = X_i\) because \(X_i\) is an indicator variable, and \(M = Y / n\). The substitution shall be the above representation. \(S^2\) is typically an unbiased estimate of distribution verse \(\sigma^2\). But in this case, \(S^2\) is a function of the complete, sufficient statistics \(Y\), and thus lehmann scheffé (13), \(S^2\) is \(\sigma^2 = p (1 -
p)\UMVUE(\sigma^2 = p (1 - p)\) umvue. Poisson Distribution Recall that the Poisson distribution with parameter \(\theta \in (0, \infty)\) is a separate distribution \( \N \) and \[ g(x) = e^{-\theta} \frac{\theta\^x}}, \quad x \in \N \] The Poisson distribution is called Simeon Poisson and is used to model the number of random points in the region of time or space under certain ideal
conditions. The \(\theta\) parameter is proportional to the size of the region and is proportional to the mean and variance of the distribution. The Poisson distribution is studied in more detail in the section on the Poisson process. Now suppose \(\bs X = (X_1, X_2, \ldots, X_n)\) is a random \(n\) sample of the Poisson distribution \(\theta\). Recall that the sum of the scores \(Y =
\sum_{i=1}^n X_i\) also has the Poisson distribution, but has the \(n \ta\) parameter). (\Y\) statistics are sufficient for\(\theta\). Specifically, for \( y \in \N \), the conditional distribution of \( \bs X \) \( Y = y \) is a multinomial distribution with \( y \) trial versions, \( n \) trial values, and uniform trial probability. Proof: The common PDF file for \( \bs X \) \[ f(\bs x) = g(x_1) g(x_2) \cdot g(x_n)
= \frac{e^{-n \theta} \ta^y}{x_1! x_2! \cdots x_n!}, \quad \bs x = (x_1, x_2, \ldots, x_n) \in \N^n \] where \( y = \sum_{i=1}^n x_i \). Specified \( Y = y \in \N \), random vector \( \bs X \) values are added to the set \(D_y = \left\{\bs x = (x_1, x_2, \ldots, x_n) \N^n: \sum_{i=1}^n x_i = y\right\}\). Also \[\P(\bs X = \bs x \mid Y = y) = \frac{\P(\bs X = \bs x)}{\P(Y = y)} = \frac{e^{-n \tata\theta^y /
(x_1! x_2! \cdots x_n!)} {e^{-n \tata} (n \theta)^y / y!} = \frac{y!} {x_1! x_2! \cdots x_n!} \frac{1}{n^y}, \quad \bs x \in D_y\] The last expression is the PDF of the multinomial distribution specified in the entry. Of course, the point is that the conditional distribution does not depend on \( \theta \). As before, it is easier to use the factorization item to prove sufficient \( Y \), but conditional
allocation gives some additional insight. \(Y\) was created for\(\theta\in (0, \infty)\). Proof: If \(r: \N \to \R\), \[\E\left[r(Y)\right] = \sum_{y=0}^\infty e^{-n \ta) \frac{(n \ta)^y}{y!} r(y) = e^^-n \ta] \frac{(n \ta)^y}{y!} r(y) = e^^-n \tata} \frac{(n \tta)^y}{y!} r(y) = e^^-n \ta} \frac{(n n \ta)^y}{y!} r(y) = e^^-n \ta} \frac{(n \tta)^y}{y!} r(y) = e^^-n \ta} \frac{(n \tta)^y}{y!} r(y ) = e^{-n \ta) \sum_{y=0}^\infty
\frac{n^y}{y!} r(y) \theta^y\] Last sum \(\theta\) performance sequence \( n^y r(y) / y! \) for \( y \in \N \). If this data is 0 for all \(\theta\) (\\theta\), the 0 must be 0, so \( r(y) = 0 \) for \( y \N \). As with our discussion of the Bernoulli experiments, the average sample is \( M = Y / n \) is clearly equivalent to \( Y \) and thus sufficient \( \theta \) and full \( \( tata \in (0, \infty) \). that \( M \) is the
appreatic of \( \theta \) moments, and the maximum probability location \( (0, \infty) \). \(\P(X = 0) parameterUMVUE is set to \{{-theta}\) in \( \theta \in (0, \infty) \) also \[ U = \left( \frac{n-1}{n} \right)^Y \] Proof: Probability-creating function of \(Y\) \[ P(t) = \E(t^Y) = e^{n \tta(t - 1)}, \quad t \in \R \] Therefore \[ \[ \E\left[\left(\frac{n - 1}{n}\right)^Y\right] = \exp \left[n \tta \left(\frac{n- 1}{n} -
1\right)\right] = e^{-\theta}, \quad \theta \in (0, \infty) \] So \( U = [(n - 1) / n]^Y \) is \( e^{-\tata} \). Because \( U \) is a function of the total, sufficient statistics \( Y \), it follows from the Lehmann Scheffé (13) that \( U \) is the \( e^{-\ta) \) UMVUE. Since \( U \) is a function of the complete, sufficient statistic \( Y \), it follows from the Lehmann Scheffé theorem (13) that \( U \) is an UMVUE
of \( e^{-\theta} \). Recall the normal distribution so that the normal distribution of the average \(\mu \in \R\) and variance \(\sigma^2 \in (0, \infty)\) is displayed continuously on the \( \R \) function\( \( g \) defined by \( g\x) = \frac{1}{\sqrt{2 \, \pi} \sigma} \exp\left[-\frac{1}{2}\left(\frac{x - \mu}{\sigma}\right)^2\right], \quad x \r \] Normal distribution is often used to model physical quantities
exposed to small, random errors, and is studied in more detail in the Chapter on Advanced Distributions. As the central limit item, the normal distribution is perhaps the most important distribution in statistics. Let's say \(\bs X = (X_1, X_2, \ldots, X_n)\) is a random sample of the normal distribution with an average of \(\mu\) and variance of \(\sigma^2\). Each of the following
statistical pairs is then minimally sufficient for \( (\mu, \sigma^2) \) \((Y, V)\), where \(Y= \sum_{i=1}^n X_i\) and \(V = \sum_{i=1}^n^X_i 2\). \(\left(M, S^2\right)\), where \(M = \frac{1}{n} \sum_{i=1}^n X_i\) is the sample center, and \(S^2 = \frac{1}{n - 1} \sum_{i=1}^n (X_i - M)^2\) is the sample 2. \( (M, T^2) \), where \( T^2 = \frac{1}{n} \sum_{i=1}^n (X_i - M)^2 \) is biased sample
variance. Proof: The joint PDF \( f \) of \( \bs X \) is given by \[ f(\bs x) = g(x_1) g(x_2) \cdots g(x_n) = \frac{1}{(2 \pi)^{n/2} \sigma^n} \exp\left[-\frac{1}{2 \sigma^2} \sum_{i=1}^n (x_i - \mu)^2\right], \quad \bs x = (x_1, x_2 \ldots, x_n) \in \R^n \] After some algebra, this can be written as \[ f(\bs x) = \frac{1}{(2 \pi)^{n/2} \sigma^n} e^{-n \mu^2 / \sigma^2} \exp\left(-\frac{1}{2 \sigma^2}
\sum_{i=1}^n x_i^2 + \frac{2 \mu}{\sigma^2} \sum_{i=1}^n x_i \right), \quad \bs x = (x_1, x_2 \ldots, x_n) \in \R^n\] It follows from the factorization theorem (3) that \( (Y , V) \(\left(\mu, \sigma^2\right)\). Minimum sufficient follows the status item (6). Note that \( M = \frac{1}{n} Y, \; S^2 = \frac{1}{n - 1} V - \frac{n}{n - 1} M^2\). Therefore, \(\left(M, S^2\right)\) is equivalent to \( (Y, V) \)
and thus \(\left(M, S^2\right)\) is minimally sufficient \(\left(\mu, \^sigma 2\right)\). Similarly\( \( M = \frac{1}{n} Y \) and \( T^2 = \frac{1}{n} V - M^2 \). Therefore, \( (M, T^2) \) is equivalent to \( (Y, V) \), and \( (M, T^2) \) is also minimally minimal \( (\mu, \sigma^2) \). Recall that \( M \) and \( T^2 \) are the maximum probability estimates for \( \mu \) and \( \( \sigma^2 \) and \( \R \time (0,
\infty) \). Run the standard estimate experiment 1,000 times with different values for the parameters. Compare parameter estimates for bias and average square error. Sometimes the variance of the normal distribution \( \sigma^2 \) is known, but the average \( \mu \). It is rare that \( \mu \) is known, but \( \( \sigma^2 \). However, in both cases, we can provide sufficient statistics.
Again, suppose \( \bs X = (X_1, X_2, \ldots, X_n) \) is a random sample of the normal distribution that is filed by the average \( \mu \in \R \) and variance \( \sigma^2 \in (0, \infty)\). If \( \sigma^2 \) is known, \( Y = \sum_{i=1}^n X_i \) is minimally sufficient for \( \mu \). If \( \mu \) is known, \( U = \sum_{i=1}^n (X_i - \mu)^2 \) is sufficient for \( \sigma^2 \). Evidence: This result is derived
from the second displayed equation of \( \bs X \) in the verification of the previous item. This result is derived from the first displayed equation of \( \bs X \) (\bs X \) PDF\( f(\bs x) in the previous item certificate. Of course, equivalence, partly (a) the sample average \( M = Y / n \) is minimally sufficient \( \mu \) and partly (b) the special sample variance \( W = U / n \) is minimally
sufficient \( \( \sigma^2 \). In addition, in (a) part \( M \) in the \( \R \) parameter area, it is complete for \( \( \m\), and the sample variance \( S^2 \) has degrees of freedom \( \( \mu \) (Recall that \( (n - 1) S^2 / \sigma^2 \) has the khi-squared distribution \( n - 1 \) degrees of freedom.) It follows from the Basu theorem (15) that the sample averages \( M \) and sample variance \( S^2 \)
are independent. This has been demonstrated by more direct means in the section on the specific characteristics of normal samples, but the formulation of sufficient and complementary statistics provides further insight. Recall the Gamma distribution so that the gamma distribution \(k \in (0, \infty)\) and \(b \in (0, \infty)\) with the scale parameter \( \(k \in\, \infty) \) with the probability
density function specified by \( g \) \[ g(x) = \frac{1}{\Gamma(s) b^k} x^{k-1} e^{-x / b}, \quad x \in (0, \infty) \) \] Gamma distribution is often used to model random times and certain other types of positive random variables, and is further studied in the chapter on special distributions. Suppose \(\bs X = (X_1, X_2, \ldots, X_n)\) is a random sample of the gamma distribution with the
scale parameters \(k\) and \(b\). Each of the following statistical pairs is minimally sufficient to b)\) \((Y, V)\), where \(Y = \sum_{i=1}^n X_i\) is the sum of the scores, and \(V = \prod_{i=1}^n X_i\) is the product of the scores. \((M, U)\), where \(M = Y / n\) is the sample (arithmetic) \(\bs X\) and \(U = V^{1/n}\) are the mint geometry averages of \(\bs X\). Proof: Specifies the common
PDF of \( \bs X \) \( \bs X \) \[ f(\bs x) = g(x_1) g(x_2) \cdots g(x_n) = \frac{1}{\Gamma^n(s) ) b^{nk}} (x_1 x_2 \ldots x_n)^{k-1} e{{-k-x_1 + + x_2 + +\cdots + x_n) / \quad \bs x = (x_1, x_2, \ldots, x_n) \in (0, \infty)^n \] From factorization item (3), \( (Y, V) \) is sufficient \( (k, b) \). Minimum sufficient condition (6) follows. Clearly \( M = Y / n \) is equivalent to \( Y \) and \( U = V^{1/n} \)
equivalent \( V \). Therefore, \( (M, U) \) is minimally sufficient \( (k, b) \). Recall that estimating \( k \) and \( b \) moments is \( M^2 / T^2 \) and \( T^2 / M \) or \( where \( M = \frac{1}{n} \sum_{i=1}^n X_i \) is the sample center, and \( T^2 = \frac{1}{n} \sum_{i=1}^n (X_i - M)^2 \) is biased pattern variance. If the \(k\) shape parameter is known, \( \frac{1}{k} M \) is also the estimator
method for \( b \) moments and the maximum probability estimator for the \( \( \) parameter field. Note that \( T^2 \) is not a function of the correct statistics \( (Y, V) \), so estimates based on \( T^2 \) are losing data. Run the gamma estimation experiment 1,000 times with different values for the parameters and sample size \( n \). Compare parameter estimates for bias and average
square error. In fact, the evidence of the last item indicates that \( Y \) is sufficient \( b \) if \(k \) is known, and that \( V \) is sufficient \(k \) if \( b \) is known. Suppose again that \(\bs X = (X_1, X_2, \ldots, X_n)\) is a randomly selected \(n\) sample of the gamma distribution with the scaling parameters \( k \in (0, \infty) \) and \(b \in (0, \infty)\). Then \(Y = \sum_{i=1}^n X_i\) was
completed for \(b\). Evidence: \( Y \) gamma distribution with the \( n k \) shape parameter and the \( b \) scale parameter. Therefore, if \(r: [0, \infty) \R\), \[\E\left[r(Y)\right] = \int_0^\infty \frac{1}{\Gamma(n k) b^{n k}} y^{n k-1} e^{-y/b} r(y) \, dy = \frac{1}{\Gamma(n k) b^{n k}} \int_0^\infty y^{n k - 1} r(y) e^{-y / b} \, dy\] The last integral is \( y \mapsto y^{n k - 1} r(y) \) (\) evaluates to \( 1
/ b \) \( If this conversion for all \(b\) is an open interval, \( r(y) = 0 \) almost everywhere \( (0, \infty) \). Again, suppose \(\bs X = (X_1, X_2, \ldots, X_n)\) is a random sample of the \( (0, \infty) \) gamma distribution\) with the shape parameters \( k \in (0, \infty) \) and \(b \in (0, \infty)\). Let \( M = \frac{1}{n} \sum_{i=1}^n X_i \) represent the geometric mean of the sample, and \( U = (X_1
X_2 \ldots X_n)^{1/n} \) represent the geometric mean of the sample as before. Then \( M / U \) is an add-on to \( b \). \( M \) and \( M / U \) are independent. Evidence: \( X_i = b Z_i \) is \( i \1, 2, \ldots, n\} \), where \( \bs{Z} = (Z_1, X_2, \ldots, Z_n) \) a pattern of the size \( n \) from the gamma distribution with the shape parameter \( k \) and the scale parameter 1 (the standard
gamma distribution with the shape parameter \( k \). Ezután \[ \[ \frac{M}{U} = \frac{1}{n} \sum_{i=1}^n \frac{X_i}{{(X_1 X_2 \cdots X_n)^{1/n}} = \frac{1}{n} \sum_{i=1}^n \left(\frac{X_i^n}{{X_1 X_2 \cdots X_n}\right)^{1/n} = \frac{1}{n} \sum_{i=1}^n \left(\prod_{j ei} \frac{X_i}{X_j}\right)^{1/n} \] De \( X_i / X_j = Z_i / Z_j\) a \( i e j \), és a \( \left\{Z_i / Z_j eloszlása: i, j \in \{1, 2, \ldots, n\}, \;
i e j\right\} \) nem függ \( b \). Therefore, the distribution of \( M / U \) does not depend on \( b \). This follows from the Basu theorem (15), since \( M \) is complete and sufficient \( b \) and \( M / U \) are complementary to \( b \). Recall the Beta distribution so that the beta distribution with the left parameter \(\in (0, \infty)\) and right parameter \(b \in (0, \infty)\) is \( (0, 1) \) is the
continuous distribution of \( g \) by the probability density function \( g \) for \[ g(x) = \frac{1}{B(a, b)} x^{a-1} (1 - x)^{b-1}, \quad x \in (0, 1)\] where \( B \) is the beta function. The beta distribution is often used to model random ratios and other random variables that record values at bounded intervals. In the Advanced Distribution section, we look in more detail at the example that \
(\bs X = (X_1, X_2, \ldots, X_n)\) is a random sample of the beta distribution with the parameters \(a\) on the left and \(b\) on the right. Then \((P, Q)\) is minimally sufficient for \((a, b)\, where \(P = \prod_{i=1}^n X_i\) and \(Q = \prod_{i=1}^n (1 - X_i)\). Proof: The common PDF for \( \bs X \) was specified \( \bs X \) \[ f(\bs x) = g(x_1) g(x_2) \cdots g(x_n) = \frac{1}{B^n(a, b)} (x_1 x_2
\cdots x_n)^{a - 1} [(1 - x_1) (1 - x_2) \cdots (1 - x_n)]^b}1, \quad \bs x = (x_1, x_2, \ldots, x_n) \in (0, 1)^n \] It follows from the factorization entry (3) that \( (U, V) \) is sufficient \( (a, b) \). Minimum sufficient condition (6) follows. The evidence also shows that \( P \) is sufficient \( a \) if \( b \) is known, and that \( Q \) is sufficient \( b \) if \( the \) is known. Recall that estimating \( \) and \
( b \) moments \[ U = \frac{M\left(M ^{(2)}\right)}{M^{(2)} - M^2}, \quad V = \frac{(1 - M)\left(M^{(2)}{{M^^{(2)} - M^^(2)} - M ^}where \( M = \frac{1}{n} \sum_{i=1}^n X_i \) is the mean of the sample center and \( M^{(2)} = \frac{1}{n} \sum_{i=1}^n X_i^2 \) of the second order sample. If \( b \) is known, \( a \) is the instants of \( U_b = b M / (1 - M) \), while if \( a \) is known, the instants of \
( b \) are valued \( V_a = a (1 - M) / M \). None of these estimators are a function of the corresponding statistics \( (P, Q) \) and thus all suffer from loss of information. On the other hand, if \( b = 1 \), the maximum probability value for \( \) is \( (0, \infty) \) \( W = -n / \sum_{i=1}^n \ln X_i \), which is \( P \) (the must be). Pareto Distribution Recall that the Pareto distribution is
continuously distributed by the scaling parameters \(0,\infty)\) and \(b \in (0, \in)\) \infty) \) with the probability density function specified by \( g \) \[ g(x) = \frac{a b{{a}{a}}, \quad b \le x \lt \infty \] Pareto distribution, named after Vilfredo Pareto, is a heavy-tailed distribution commonly used to model income and certain other types of variables. It has been studied in more detail in the
chapter on special distribution. Let's say \(\bs X = (X_1, X_2, \ldots, X_n)\) is a random sample of the Pareto distribution with the scale parameters \(a\) and \( b \). Then \( \( \left(P, X_{(1)}\right) \) is minimally sufficient \( (a, b) \), where \(P = \prod_{i=1}^n X_i\) X_n X_2 X_1 X_ is the first order. Proof: The common PDF for \( \bs X \) was provided by \( \bs x = (x_1, x_2, \ldots, x_n) \)
x_n x_1 x_2 x_n x_2 x_1\ \quad x_1 \ge b, x_2 \ge b, \ldots, x_n \ge b \] which \[ f(\bs x) = g(x_1) g(x_2) \cdots g(x_ n) = \frac{a^n b^{n a}}{(x_1 x_2 \cdots x_n)^{a + 1}} \bs{1}\left(x_{(n)} \ ge b\right), \quad (x_1, x_2, \ldots, x_n) \in (0, \infty)^n \] So the result is the factorization entry (3). Minimum sufficient condition (6) follows. The evidence also shows that \( P \) is sufficient \( a \) if
\( b \) is known (which is often the case), and that \( X_{(1)} \) is sufficient \( b \) if \( \) is known (much less likely). Recall that the method of aggreging \( \) and \( b \) moments is \[U = 1 + \sqrt{\frac{M^{(2)}}{M^{(2)} - M^2}}, \quad V = \frac{M^{(2)}{M} \left( 1 - \sqrt{\frac{M^{(2)} - M^2}{M^{(2)}}} \right)\] where (1) \( M = \frac{1}{n} \sum_{i=1}^n X_i \X_i sum_) is the average of the
second order sample. These estimates are not the functions of the appropriate statistics and thus suffer from a loss of information. On the other hand, the maximum probability hypnants of \( \) and \( b \) in the \( (0, \infty) \) interval \[W = \frac{n}{\sum_{i=1}^n \ln X_i - \ln X_{(1)}}, \quad X_{(1)}\] order. These are the tasks of the relevant statistics, as they should be. Run the Pareto
estimation experiment 1,000 times with different values for the parameters \( a \) and \( b \) and \( n \). Compare the method of moment estimating parameters with the maximum probability estimate of empirical distortion and mean square error. Recall the uniform distribution is that the constant even distribution of the interval \( [a, a + h] \) is where \( \in \R \) is the location
parameter, and \( h \in (0, \infty) \) is the scale parameter, the probability function specified by \( g \) is \( g\x) = \frac{1}{h}, \x quad \in [a, a + h] \] uniform distributions are widely used in applications to model a randomly selected number from an interval. Continuous uniform distributions are studied in more detail in the chapter on special distributions. First, let's look at the case where
both parameters are unknown. Let's say \(\bs X = (X_1, X_2, \ldots, X_n)\) is a random sample of the uniform distribution of the interval \([a, + h]\). Then \(\left(X_{(1)}, X_{(n)}\right)\) is minimally sufficient \((a, h)\), where \( X_{(1)} = \min\{X_1, X_2, \ldots, X_n\} \) is the first order statistic and \( X_{(n)} = \max\{X_1, X_2, \ldots, X_n \\ Evidence: The \( \bs X \) ) PDF\( f \) file \[ f(\bs x)
= g(x_1) g(x_2 x_1) \cdots g(x_n) = \frac{1}{h^n}, \quad \bs x = (x_1, x_2, \ldots x_n) \in [a, a + h]^n \] You can rewrote the PDF file \[ f(\bs x) = \frac{1}{h^n} \bs{1}[x_{(1)} \a] \bs{1} [x_{(n)} \le a + h], \quad \bs x = (x_1, x_2, \ldots, x_n) \in \R^n \] Then the factorization item (3) follows \(\left(X_{(1)} , X_{(n)}\right) \) is sufficient for \( (a, h) \). Then suppose \( \bs x, \, \bs y \in \R^n \), \(
x_{(1)} e y_{(1)} \) or \( x_{(n)} e y_{(n)} \). For a given \( h \in (0, \infty) \, you can easily find \( \in \R \) values, which are \( f(\bs x) = 0 \) and \( f(\bs y) = 1 / h^n \), and other \( \R \) values, that \( f(\bs x) = f(\bs y) = 1 / h^\n) Condition (6), \(\left(X_{(1)}, X_{(n)}\right) \) is minimally sufficient. If the \( \) location parameter is known, the maximum order statistics are sufficient for the \( h \)
scaling parameter. But if the \( h \) scale parameter is known, we still need both order statistics for the \( a \) location parameter. So in this case, we have one real-value parameter, but the minimum enough statistics are a pair of real-value random variables. Suppose again that \( \bs X = (X_1, X_2, \ldots, X_n) \) is a random sample of the uniform distribution of the interval \( [a, a, +
h] \). If \( \in \R \) is known, \( X_{(n)} \) is sufficient for \( h \). If you know \( h \in (0, \infty) \), \( \left(X_{(1)}, X_{(n)}\right) \) is minimally sufficient for \( the \). Evidence: Both parts easily follow the analysis given in the evidence of the last item. Recall that if both parameters are unknown, estimates the moments of \( \) and \( h \) \( U = 2 M - \sqrt{3} T \) and \( V = 2 \sqrt{3} T \) or \(
where \( M = \frac{1}{n} \sum_{i=1}^n X_i \) is the sample center, and \( T^2 = \frac{1}{n} \sum_{i=1}^n (X_i - M)^2 \) is biased sample variance. If \( a \) is known, the value of \( h \) moments is \( V_a = 2 (M - a) \), while if \( h \) is known, the value of \( h \) moments is \( U_h = M - \frac{1}{2} h \). None of these estimates is the function of minimum sufficient statistics and thus results
in a loss of information. So far, the hypergeometry model has random sample was formed from a distribution. In this subs section, our basic variables depend. Recall that the hypergeometry model has a multitude of \( N \) objects, and that the objects are \( r \) 1, and the remaining \( N - r \) are of type 0. The population size is \( N \) is a positive integer, and size 1 is \( r \) is not a
negative integer with \( r \le N \). One or both parameters are usually unknown. We select a random pattern of \( n\) objects, without replacing the population, and leave \( X_i \) the type of \( i \)th object you chose. So the base order of random variables is \( \bs X = (X_1, X_2, \ldots, X_n) \). Variables are the same distributed indicator variables \( \P(X_i = 1) = r / N \) for \( i \{1, 2,
\ldots, n\} \), but they are dependent. Of course, the sample size (\) n \) is a positive integer\( n \le N \). The variable \( Y = \sum_{i=1}^n X_i \) is the 1st column in the example. This variable has a hypergeometric distribution with \( N \), \( r \) and \( n \) parameters, and is specified by the probability function \( h \) \( h \) : \[ h(y) = \frac{\binom{r}{y} \. binom{N - r}{n - y }}{{{binom{N}{n}}
= \binom{n}{y} \frac{r^{(y)} (N - r)^{(n - y)}}}{N^{(n)}}, \quad y \{\max\{0, N - n + r\}, \ldots, \min\{n, r\}\} \] (Recall the degressive power source designation \( x^{(k)} = x (x - 1) \cdots (x - k + 1) \)). The hypergeometry distribution is studied in more detail in the chapter on fininate sampling models. \( Y \) is sufficient \( (N, r) \). Specifically, for \( y \\\max\{0, N - n + r\}, \ldots, \min\{n, r\}\} \),
the conditional distribution of \( \\bs X \) \( Y = y \) is uniform for \[ D_y = \left\\{(x_1, x_2, \ldots, x_n) \\0.1\}^n: x_1 + x_2 + \cdots + x_n = y\right\} \] Justification: By simply applying the combinatorrics multiplier rule\(\bs X \) PDF \( \bs X \) is specified (n - y)}}{N^{(n)}}, \quad \bs x = (x_1, x_2, \ldots, x_n) \{0, 1\}^n \] where \( y = \sum_{i=1}^n x_i \). If \( y \in \{\max\{0, N - n + r\}, \ldots,
\min\{n, r\}\} \), \( \bs X \) \( Y = y \) is a conditional distribution of \( D_y \) and \[ \P(\bs X = \bs x \y = y) = \frac{\y)}/N^{(n)}}{{binom{n}{y} r^{(y)} (N-r)^{(n)} / N^{(n)}} = \frac{1}{\binom{n}{y}}, \quad \bs x \in D_y \] Of course \( \binom{n}{y}_) \) \D_y \) There are clearly strong similarities between the hypergeometry model and the Bernoulli experiments model above. In fact, if the sampling
exchange, the Bernoulli experiments model would apply to \( p=r/N\) rather than the hypergeometric model. It is also interesting to note that there is a real value statistic that is sufficient for two real value parameters. Once again, the sample average is \( M = Y / n \) equivalent to \( Y \) and is still sufficient \( (N, \). Recall that \( r \) \( N \) (\) \( N M \) and \( N \) \( n \) in \( r \) in \( r \) in
\( r / \) in \( r / m \) are the methods of estimating the moment \( r / M \). \( r \) is the estimate used in the capture-recapture attempt. Exponential families Suppose that the data vector takes \(\bs X\) values in a set \(S\) and that the distribution of \(\bs X\) is a parameter vector \(\bs{\theta}\) parameter sok the values in the parameter space \(\Theta\). A \(\bs X\) eloszlása egy \(k\)-
paraméter exponenciális család, ha \(S\) nem függ \(\bs{\theta}\) és ha a \(\bs X\) valószínűségi sűrűségfüggvénye \[ f_\bs{\thet a}(\bs x) = \alpha(\bs{\theta}) r(\bs x) \exp\left(\sum_{i=1}^k \beta_i(\bs{\theta}) u_i(\bs x) \right); \quad \bs x \in S, \; \bs{\theta} \in \Theta \\, ahol \(\alfa\) és \(\left(\beta_1, \beta_2, \ldots, \beta_k\jobbra)\) a \(\Theta\) valós értékű függvényei, és ahol a \(r\) és
a \(\left(u_1, u_2, \ldots, u_k\right)\) valós értékű függvények a \(S\) valós értékű függvényei. In addition, \(k\) is the smallest integer. Parameter vector \(\bs{\beta} = \left(\beta_1(\bs{\theta}), \beta_2(\bs{\theta}), \ldots, \beta_k(\bs{bs})\right)\) is sometimes referred to as the natural parameter of distribution, and the random vector \(\bs U = \left(u_1(\bs X), u_2(\bs X), \ldots, u_k(\bs
X)\right)\) is sometimes referred to as the natural statistics of the distribution. Although the definition may seem intimidating, exponential families are useful because they have many nice mathematical qualities and because there are many special parametric families with exponential families. In particular, the sampling distributions of Bernoulli, Poisson, gamma, normal, beta and
Pareto examined above are exponential families. Exponential families distributions are studied in more detail in the chapter of special distributions. \(\bs U\) is minimally sufficient for \(\bs{\theta}\). Evidence: That \( U \) is sufficient \( \theta \) follows immediately the factorization item. This is minimally sufficient, as \(k \) is the smallest integer in the exponential preparation. It turns
out that \(\bs U\) is also completed for \(\bs{\theta}\), although the evidence is more difficult. Random 6. Score estimate 1 2 3 4 5 6 Content applications datasets Biographies Search © ©
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